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1. Introduction
The algebra of octonions or the Cayley–Dickson algebraO plays an important role in algebra and geometry and has been
studied from different points of view by many authors. Nevertheless, the identities of octonions have not been described
until now. An exact base for the T -ideal of identities ofOwas found by Isaev [5] only in the case of a finite field F . Il’tyakov [4]
proved that, over a field of characteristic zero, the T -ideal of identities ofO is finitely generated, though without giving a set
of generators.
The identities of small degrees of O were studied by Racine [7] and Hentzel and Peresi [3]. In order to formulate their
results, we recall some standard notation.
Let A be a not necessarily associative algebra over a field F . We denote by:
(x, y, z) = (xy)z − x(yz) the associator,
[x, y] = xy− yx the commutator,
x ◦ y = xy+ yx the Jordan product
of x, y, z ∈ A. An algebra is called alternative if it satisfies the following identities:
(x, x, y) = 0 (left alternativity),
(x, y, y) = 0 (right alternativity).
A unital algebra A is called quadratic if elements 1, x, x2 are linearly dependent for any x ∈ A. It is well known [13] that the
octonion algebra O is a quadratic alternative algebra.
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Racine [7] studiedminimal identities of octonions over an arbitrary field F of characteristic not equal to 2, 3, 5. He proved
that (modulo identities of alternativity) there are no polynomial identities of degree less than 5 inO, and that all polynomial
identities of degree 5 in O are consequences of the following two facts:
[[x, y]2, x] = 0,
S+3 (x1, x2, x3)(x
2)− S+3 (x1, x2, x3)(x) ◦ x = 0.
Here S+3 (x1, x2, x3) = S3(Vx1 , Vx2 , Vx3), where S3 stands for the standard associative polynomial of degree 3 and Vx(y) = y◦x.
Hentzel and Peresi [3] continued looking for identities and central polynomials of small degrees of O with the aid of a
computer. In addition to the known central polynomial of degree 4 (see [13])
C4(a, b, c, d) = [a, b] ◦ [c, d],
they found a new multilinear central polynomial of degree 5:
C5(a, b, c, d, e) =
∑
Alt
(24a(b(c(de)))+ 8a((b, c, d)e)− 11(a, b, (c, d, e))),
where
∑
Altmeans the alternating sumover all of the arguments. They also proved that there are no new central polynomials
of degree 6. Moreover, the only new multilinear polynomial identity of degree 6 is [C5(a, b, c, d, e), f ] = 0.
In this paper we classify all multilinear skew-symmetric identities and central polynomials in O over a field F of
characteristic zero. The main result is the following theorem.
Theorem. Every multilinear skew-symmetric identity of an octonion algebra O over a field of characteristic 0 is a consequence
of the following skew-symmetric identities:∑
Alt
[a, b](c, d, e) = 0,∑
Alt
(12[a, b][c, d][e, f ] − [a, b, c, d, e, f ]) = 0,∑
Alt
([[a, b, c, d], [e, f ]] + [a, b, c, d, e, f ]) = 0.
Every multilinear skew-symmetric central polynomial of O is a consequence of the skew-symmetric central polynomials:∑
Alt
[a, b][c, d] = 1
2
∑
Alt
C4(a, b, c, d),∑
Alt
(12[a, b][c, d]e− [a, b, c, d, e]) = 2C5(a, b, c, d, e).
Here [x1, . . . , xn−1, xn] denotes the ‘‘long commutator’’ of the elements x1, . . . , xn which is defined by induction:
[x1, . . . , xn−1, xn] = [[x1, . . . , xn−1], xn].
Observe that the first identity
∑
Alt[a, b](c, d, e) = 0 has minimal possible degree 5 and hence may be considered as an
analogue for octonions of the famous Amitsur–Levitsky skew-symmetric identity S2n(x1, . . . , x2n) = 0 for thematrix algebra
Mn. The left part of this identity provides a non-zero element of a minimal degree from the radical of the free alternative
algebra of rank n > 4 (see [12]).
It is easy to see that the minimal identities of Racine are true in any quadratic alternative algebra. The same is true for
the centrality of C4, but not evident at all for C5. In this connection, it seems interesting that our results on skew-symmetric
identities and central polynomials are also true for any quadratic alternative algebra. In fact, we prove them for arbitrary
quadratic alternative algebras and then check that there are no additional identities or central polynomials in octonions.
Quadratic alternative algebras over an arbitrary field of characteristic 6= 2were completely classified by Elduque [1]. They
include the quaternion and octonion algebras, but also many other non-associative algebras used in physics. The identities
of small degrees of arbitrary quadratic algebras were studied by Hentzel and Peresi in [2]. We conjecture that the T -ideal of
identities of quadratic alternative algebras coincides with the identities of octonions.
As supporting evidence for this conjecture we mention the case of associative algebras where the quadratic identity
implies all identities of quaternions. This is a partial case of the Razmyslov theorem [8] which states that over a field of
characteristic zero the Cayley–Hamilton identity implies all identities of n× nmatrices.
For the proof of our results we use the superalgebra approach to the study of skew-symmetric identities developed in [9,
12]. We construct a base of the free quadratic alternative superalgebra generated by one odd element and describe the ideal
of super-identities and the subsuperalgebra of central functions of this superalgebra. Then the standard procedure of taking
a Grassmann envelope gives a description of skew-symmetric identities and central polynomials in quadratic alternative
algebras.
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2. Quadratic alternative algebras and superalgebras
Let A be a unital non-associative algebra over a field F of characteristic 6= 2. We will identify F with the subalgebra F · 1
of the algebra A. The algebra A is called quadratic over F if each element x ∈ A satisfies the equality
x2 − τ(x)x+ n(x) = 0, (1)
where τ(x) is a linear form (a trace) and n(x) is a quadratic form (a norm) on A, and n(1) = 1 (equivalently, τ(1) = 2). It is
easy to see that n(x) = 12 (τ (x)2 − τ(x2)), and identity (1) can be rewritten in a linearized form:
x ◦ y− τ(x)y− τ(y)x− 1
2
τ(x ◦ y)+ τ(x)τ (y) = 0. (2)
An algebra A is called flexible if it satisfies the identity (x, y, x) = 0. In particular, every alternative algebra is flexible.
It was proved in [6] that a quadratic algebra is flexible if and only if the trace form τ(x) is symmetric and associative (or
invariant), that is, satisfies the identities:
τ([x, y]) = τ((x, y, z)) = 0. (3)
In this case identity (2) can be rewritten as:
x ◦ y− τ(x)y− τ(y)x− τ(xy)+ τ(x)τ (y) = 0. (4)
In this paper we will use a more general definition of a quadratic alternative algebra. We will call a linear map τ of A into
its center, Z(A), a trace if it satisfies identities (3) and also:
τ(τ (x)y) = τ(x)τ (y) for any x, y ∈ A.
We will call a unital alternative algebra (A, τ ) with a trace τ a quadratic alternative if it satisfies the trace identity (4)
and τ(1) = 2. In particular, every unital associative commutative algebra A is quadratic alternative in this sense if we put
τ(a) = 2a for any a ∈ A.
The notion of a quadratic alternative algebra can be generalized to superalgebras. Recall that, in general, a superalgebra
means a Z2-graded algebra, that is an algebra A which may be written as a direct sum of subspaces A = A0 + A1 subject to
the relations AiAj ⊆ Ai+j (mod 2). The subspaces A0 and A1 are called the even and the odd parts of the superalgebra A; and so
are called the elements from A0 and from A1, respectively. In the work that follows all of the elements are assumed to be
homogeneous, that is, either even or odd, and for an element x ∈ Ai, i ∈ {0, 1}, the symbol x¯ = i denotes its parity.
Denote by [x, y]s = xy−(−1)x¯y¯yx the super-commutator of the homogeneous elements x, y, and by x ◦s y = xy+(−1)x¯y¯yx
their super-Jordan product. When at least one of the elements x, y is even, we will often omit the index s and write simply
[x, y] and x◦y. Note that it is sometimes useful to express a product of homogeneous elements as a sumof their super-Jordan
product and super-commutator:
2xy = x ◦s y+ [x, y]s.
Denote an associative center of A by N(A), and its center by Z(A), i.e.
N(A) = {a ∈ A | (a, x, y) = (x, a, y) = (x, y, a) = 0, for any x, y ∈ A},
Z(A) = {a ∈ N(A) | [a, x]s = 0, for any x ∈ A}.
A superalgebra A = A0 + A1 is called an alternative superalgebra if it satisfies the following super-identities:
(x, y, z)+ (−1)x¯y¯(y, x, z) = 0 (left super-alternativity),
(x, y, z)+ (−1)y¯z¯(x, z, y) = 0 (right super-alternativity).
Observe that in this case for any σ ∈ Sym(3)
(xσ(1), xσ(2), xσ(3)) = sign(σ )signodd(σ )(x1, x2, x3),
where signodd(σ ) is the sign of the permutation afforded by σ on the odd xi.
A linear map τ : A→ Z(A) of a superalgebra A = A0 + A1 into its center Z(A) is called a supertrace if it satisfies
τ([x, y]s) = 0, τ ((x, y, z)) = 0, τ (τ (x)y) = τ(x)τ (y)
for all homogeneous x, y, z ∈ A. A unital alternative superalgebra (A, τ )with a supertrace τ is called a quadratic alternative
superalgebra if τ(1) = 2 and τ satisfies the following superversion of (4):
x ◦s y− τ(x)y− (−1)x¯y¯τ(y)x− τ(xy)+ τ(x)τ (y) = 0. (5)
As in a non-graded case, every associative commutative superalgebra is quadratic with the supertrace τ(a) = 2a.
Let (A, τ ) be a quadratic alternative superalgebra. Denote:
Zτ (A) = {a ∈ A | τ(a) = 2a},
then
F ⊆ Zτ (A) ⊆ Z(A),
and these inclusions, in general, may be strong. For any a ∈ Zτ (A) and b ∈ Awe have
2τ(ab) = τ(τ (a)b) = τ(a)τ (b) = 2aτ(b),
which implies that Zτ (A) is a subsuperalgebra of A and the supertrace τ : A→ Z(A) is a Zτ (A)-linear map.
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As in [13], we obtain from (5) that
x ◦s y ∈ Zτ (A) (6)
for any homogeneous x, y ∈ A such that τ(x) = τ(y) = 0. In particular, for any x, y, z, r, s, t ∈ A:
[x, y]s ◦s[r, s]s, (x, y, z) ◦s[r, s]s, (x, y, z) ◦s(r, s, t) ∈ Zτ (A).
Observe that τ(x)τ (x) = 0 for any x ∈ A1 (really τ(x) is an odd element of the associative commutative superalgebra Z(A)
and therefore its square has to be zero).
We will need the following lemma.
Lemma 2.1. Let A = A0+A1 be a unital superalgebrawith a supertrace τ which is generated as a supermodule over its center Z(A)
by a set M. Then A is an alternative quadratic superalgebra if and only if τ(1) = 2 and the super-identities of super-alternativity
and (5) hold for the elements of M.
Proof. It suffices to verify super-identities for elements αm, βn, γ k, with homogeneous α, β, γ ∈ Z(A), m, n, k ∈ M .
Consider the associator:
(αm, βn, γ k) = (−1)m¯β¯(αβ)mn · (γ k)− (−1)n¯γ¯ (αm) · (βγ )nk
= (−1)m¯β¯+m¯γ¯+n¯γ¯ (αβγ )(mn · k)− (−1)n¯γ¯+m¯β¯+m¯γ¯ (αβγ )(m · nk)
= (−1)m¯β¯+m¯γ¯+n¯γ¯ (αβγ )(m, n, k).
Now we have
(αm, βn, γ k)+ (−1)(β¯+n¯)(γ¯+k¯)(αm, γ k, βn)
= (−1)m¯β¯+m¯γ¯+n¯γ¯ (αβγ )(m, n, k)+ (−1)m¯β¯+m¯γ¯+k¯β¯+(β¯+n¯)(γ¯+k¯)(αγ β)(m, k, n)
= (−1)m¯β¯+m¯γ¯+n¯γ¯ (αβγ )((m, n, k)+ (−1)n¯k¯(m, k, n)),
hence the super-identity of right super-alternativity is reduced to that for elements from M . The left super-alternativity is
considered similarly.
Furthermore,
(αm) ◦s(βn)− τ(αm)(βn)− (−1)(α¯+m¯)(β¯+n¯)τ(βn)(αm)− τ(αm · βn)+ τ(αm)τ (βn)
= (−1)m¯β¯(αβ)(m ◦s n− τ(m)n− (−1)m¯n¯τ(n)m− τ(mn)+ τ(m)τ (n)) = 0,
hence A is quadratic. 
Let A = A0 + A1 and B = B0 + B1 be two superalgebras. Denote by A⊗˜B the graded tensor product of superalgebras A and
Bwhich is a tensor product of vector spaces A and Bwith the multiplication
(a⊗ b)(a′ ⊗ b′) = (−1)b¯a¯′(aa′ ⊗ bb′)
for homogeneous a, a′ ∈ A, b, b′ ∈ B. We have a natural Z2-grading on A⊗˜B, where (A⊗˜B)0 = A0⊗˜B0 + A1⊗˜B1 and
(A⊗˜B)1 = A0⊗˜B1 + A1⊗˜B0.
Proposition 2.2. If (A, τ ) = (A0 + A1, τ ) is a quadratic alternative superalgebra with a supertrace τ and Γ = Γ0 + Γ1 is a
unital associative commutative superalgebra, then the linear mapping τ˜ defined by τ˜ (ξ ⊗ x) = ξ ⊗ τ(x), for any ξ ∈ Γ and
x ∈ A, is a supertrace on Γ ⊗˜A and (Γ ⊗˜A, τ˜ ) with the natural Z2-grading is a quadratic alternative superalgebra.
Proof. It is clear that Γ ⊗˜1 ⊆ Z(Γ ⊗˜A), hence Γ ⊗˜A is generated as a supermodule over its center by the set 1⊗˜A. The
mapping τ˜ is a supertrace since:
[ξ ⊗ x, η ⊗ y]s = (−1)x¯η¯ξη ⊗ xy− (−1)(ξ¯+x¯)(η¯+y¯)+y¯ξ¯ηξ ⊗ yx
= (−1)x¯η¯ξη ⊗ (xy− (−1)x¯y¯yx) = (−1)x¯η¯ξη ⊗ [x, y]s,
(ξ ⊗ x, η ⊗ y, ζ ⊗ z) = (−1)x¯η¯+x¯ζ¯+y¯ζ¯ ξηζ ⊗ (x, y, z),
τ˜ (τ˜ (ξ ⊗ x)(η ⊗ y)) = τ˜ ((ξ ⊗ τ(x))(η ⊗ y)) = τ˜ ((−1)x¯η¯ξη ⊗ τ(x)y)
= (−1)x¯η¯ξη ⊗ τ(τ (x)y) = (−1)x¯η¯ξη ⊗ t(x)t(y)
= (ξ ⊗ τ(x))(η ⊗ τ(y)) = τ˜ (ξ ⊗ x)τ˜ (η ⊗ y).
Moreover, τ˜ (1⊗ 1) = 1⊗ τ˜ (1) = 2(1⊗ 1).
The proposition now follows from Lemma 2.1. 
Corollary 2.3. If A is a quadratic alternative algebra, then Γ ⊗ A is a quadratic alternative superalgebra.
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Proof. Consider an algebra A as a superalgebra A = A0 + A1 with A1 = 0. Then Γ ⊗˜A = Γ ⊗ A. 
Corollary 2.4. If A is a quadratic alternative superalgebra, then the even part of the graded tensor product Γ ⊗˜A is a quadratic
alternative algebra.
Observe that if
√−1 ∈ F and G is the Grassmann algebra then (G⊗˜A)0 is isomorphic to the Grassmann envelope
G(A) = (G ⊗ A)0. In particular, the Grassmann envelope G(A) of a quadratic alternative superalgebra A is a quadratic
alternative algebra.
3. The free quadratic alternative superalgebra on one odd generator
In this section we will introduce the free quadratic alternative superalgebra Bτ on one odd generator. We will study
relations in this superalgebra in order to construct its pre-base. In the next section we will prove that in fact our pre-base is
a base ofBτ .
Denote by Alt[T ; X] the free alternative superalgebra over a field F generated by a set T of even generators and a set X of
odd generators.
We will use the following identities (and their superizations) valid in alternative algebras (respectively, superalge-
bras) [13]:
[yx, z] = y[x, z] + [y, z]x+ 3(y, x, z),
[x ◦ y, z] = x ◦ [y, z] + y ◦ [x, z],
(x ◦ y, z, t) = x ◦ (y, z, t)+ y ◦ (x, z, t).
(7)
Observe that all these identities are also valid in alternative superalgebras if the element x is even.
LetA = Alt[∅; x] be the free alternative superalgebra on one odd generator x. Define by induction
x[1] = x, x[i+1] = [x[i], x]s, i > 0,
and denote
t = x[2], z[k] = [x[k], t], u[k] = x[k] ◦s x[3], k > 1.
The following proposition summarizes some results from [10–12] on the structure ofA.
Proposition 3.1. (i) For any i, j > 1, k > 0,
[x[i], x[j]]s = −(−1)c(j)z[i+j−2],
x[i+1]z[j] = z[j]x[i+1] = x[i+1]u[j] = u[j]x[i+1] = 0,
[z[i], x]s = [z[i], t] = [u[i], t] = 0, [u[i], x]s = 2tz[i],
z[i]z[j] = u[i]u[j] = u[i]z[j] = z[i]u[j] = 0,
z[4k−1] = z[4k−2] = u[4k−1] = 0, u[2] = 0, u[4k+2] = −tz[4k+1],
where c(j) = j(j−1)2 .
(ii) For any i, j, k > 1, idA〈u[k], z[k]〉 = N(A) and
(x, x, x) = 1
2
x[3],
(x[i], x, x) = 1
3
x[i+2] − 1
6
z[i],
(x[i], x[j], x) = 1
3
(−1)c(j+1)z[i+j−1],
(x[i], x[j], x[k]) = 0.
(iii) Elements
tmxσ , m+ σ ≥ 1, tm(x[k+2]xσ ),
tm(u[4k+ε]xσ ), tm(z[4k+ε]xσ ), (8)
where k > 0, m ≥ 0; ε, σ ∈ {0, 1}, form a base of the superalgebraA. 
Consider now the free quadratic alternative superalgebraBτ = (Bτ , τ ) on one odd generator x, that is, the free one-odd-
generator object in the category of unital alternative superalgebras with supertrace τ that satisfies (5) and τ(1) = 2. ByB
we will denote the subsuperalgebra ofBτ , generated by xwithout using the supertrace operation.
Wemaintain the notations fromA for the similar elements ofBτ . Observe that τ(x[k]) = τ(z[k]) = 0, k > 1, and from (6)
we have t2, u[k] ∈ Zτ = Zτ (Bτ ).
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An easy induction on k proves that t ◦ x[k] = −u[k−1], k ≥ 3. In fact, we have
t ◦ x[3] = t ◦ [t, x] = [t2, x] = 0,
t ◦ x[4] = t ◦ [x[3], x]s = [t ◦ x[3], x]s − x[3] ◦s x[3] = 0,
and by induction, since u[2] = u[3] = 0,
t ◦ x[k] = t ◦ [x[k−1], x]s = [t ◦ x[k−1], x]s − x[k−1] ◦s x[3]
= −[u[k−2], x]s − u[k−1] = −u[k−1].
Now,
2tx[k] = [t, x[k]] + t ◦ x[k] = −z[k] − u[k−1], (9)
t(x[k]x) = (tx[k])x− (t, x[k], x) = −1
2
z[k]x− 1
2
u[k−1]x− 1
3
z[k+1], (10)
2tz[k] = [t, z[k]] + t ◦ z[k] = t ◦ [x[k], t] = [x[k], t2] = 0. (11)
From (9), tx[3] = 0. Therefore, t2x[3] = 0. We get by induction that t2x[k] = 0 for any k ≥ 3, since t2x[k+1] = t2[x[k], x]s =
[t2x[k], x]s. Moreover, we obtain:
tu[k] = −t(t ◦ x[k+1]) = −2t2x[k+1] + tz[k+1] = 0. (12)
In view of Proposition 3.1(ii), z[k], u[k] ∈ N(A), hence t(z[k]x) = t(u[k]x) = 0.
We see that for m, k > 0 the elements tm+1(x[k+2]xσ ), tm(u[4k+ε]xσ ), tm(z[4k+ε]xσ ) are zero, and t(x[k+2]xσ ) are linear
combinations of u[k]xσ , z[k]xσ .
Next we compute x[k]xσ for k ≥ 2. Since τ(t) = 0, from (5) we obtain:
t ◦ x = τ(x)t + τ(tx),
and hence
x[3] = [t, x] = 2tx− t ◦ x = 2tx− τ(x)t − τ(tx),
x[3]x = 2(tx)x− τ(x)tx− τ(tx)x = 2
3
x[4] + t2 − τ(x)tx− τ(tx)x,
τ (x[3]x) = 2t2.
In view of (9) we get:
0 = tx3 = t(2tx− τ(x)t − τ(tx)) = 2t2x− τ(x)t2 − τ(tx)t,
or
2t2x = τ(x)t2 + τ(tx)t.
Now:
x[4] = [x[3], x]s = [2tx− τ(x)t − τ(tx), x]s
(7)= 2t2 − 2x[3]x+ 2x[4] − τ(x)x[3]
= 2t2 − 4
3
x[4] − 2t2 + 2τ(x)tx+ 2τ(tx)x+ 2x[4] − 2τ(x)tx+ τ(x)τ (tx)
= 2
3
x[4] + 2τ(tx)x+ τ(x)τ (tx),
from where
x[4] = 6τ(tx)x+ 3τ(x)τ (tx),
x[3]x = t2 − τ(x)tx+ 3τ(tx)x+ 2τ(x)τ (tx),
x[4]x = 3τ(tx)t + 3τ(x)τ (tx)x,
τ (x[4]x) = 0.
We continue our computation:
x[5] = [x[4], x]s = [6τ(tx)x+ 3τ(x)τ (tx), x]s = 6τ(tx)t,
x[5]x = 6τ(tx)tx,
τ (x[5]x) = 0,
x[6] = [x[5], x]s = [6τ(tx)t, x]s = 6τ(tx)x[3]
= 12τ(tx)tx+ 6τ(x)τ (tx)t,
x[6]x = 12τ(tx)(tx)x+ 6τ(x)τ (tx)tx = 6τ(tx)t2 + 6τ(x)τ (tx)tx
τ(x[6]x) = 12τ(tx)t2,
x[7] = [x[6], x]s = [6τ(tx)x[3], x]s = 6τ(tx)x[4] = 0.
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Notice that 12t2x− x[5] = 6τ(x)t2 ∈ Zτ .
We have yet to consider the elements tmxσ , u[4+ε]xσ , z[4+ε]xσ , ε, σ ∈ {0, 1}. We have:
z[4] (9)= −2tx[4] = −12τ(tx)tx− 6τ(x)τ (tx)t,
z[4]x = −12τ(tx)(tx)x− 6τ(x)τ (tx)tx = −6τ(tx)t2 − 6τ(x)τ (tx)tx,
τ (z[4]x) = −12τ(tx)t2,
z[5] = [x[5], t] = 6τ(tx)[t, t] = 0,
u[4] (9)= −2tx[5] = −12τ(tx)t2,
u[4]x = −12τ(tx)t2x = −6τ(tx)(τ (x)t2 + τ(tx)t) = 6τ(x)τ (tx)t2,
u[5] (9)= −2tx[6] = −24τ(tx)t2x− 12τ(x)τ (tx)t2
= −12τ(tx)τ (x)t2 − 12τ(x)τ (tx)t2 = 0.
Note, that we have already obtained a new central element u[4]x ∈ Zτ . In view of (10) we have:
t(x[3]x) = −1
3
z[4].
Therefore,
0 = t(x[3]x)+ 1
3
z[4]
= t3 − τ(x)t2x+ 3τ(tx)tx+ 2τ(x)τ (tx)t − 4τ(tx)tx− 2τ(x)τ (tx)t
= t3 − 1
2
τ(x)τ (tx)t − τ(tx)tx = t3 − 1
2
t(τ (x)τ (tx)+ 2τ(tx)x)
= t3 − 1
6
tx[4] = t3 + 1
12
z[4],
and
t3 = − 112 z[4],
t4 = 0.
We summarize the results obtained in the following proposition.
Proposition 3.2. (i) The following relations hold in the free quadratic alternative superalgebraBτ :
tx[3] = 0,
z[4] = −3t(x[3]x) = −2tx[4] = −x[6] = −12t3,
u[4] = −2tx[5], z[4]x = −2t(x[4]x), u[4]x = −2t(x[5]x),
and
t2x[k+1] = tu[k] = tz[k] = 0 for k > 1,
tk = z[k+1] = u[k+1] = 0 for k > 3,
x[k+1] = tx[k] = t(x[k]x) = 0 for k > 5.
Moreover, the elements t2, 12t2x− x[5], u[4] and u[4]x belong to Zτ .
(ii) The superalgebraBτ is spanned by the unit 1 and the following elements, ordered according to their degree:
1 x, τ (x),
2 t, τ (x)x,
3 tx, τ (x)t, τ (tx),
4 t2, τ (tx)x, τ (x)τ (tx), τ (x)tx,
5 τ(tx)t, τ (x)τ (tx)x, τ (x)t2,
6 τ(tx)tx, τ (x)τ (tx)t,
7 τ(tx)t2, τ (x)τ (tx)tx,
8 τ(x)τ (tx)t2.
(iii) The subsuperalgebraB is nilpotent of degree 9, that is,B9 = 0. It is spanned over the ground field by the elements
x, txσ , t2xσ , x[3]xσ , x[4]xσ , x[5]xσ , z[4]xσ , u[4]xσ , where σ ∈ {0, 1}. (13)
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4. The pre-bases are bases
Observe that the superalgebraBτ is spanned as a module over Zτ by the elements 1, x, t, tx. Let us calculate the products
of these elements.
x · x = 1
2
t,
x · t = −tx+ t ◦ x = −tx+ τ(x)t + τ(tx),
tx · x = t(xx)+ (t, x, x) = 1
2
t2 + 1
3
x[4] = 1
2
t2 + 2τ(tx)x+ τ(x)τ (tx),
x · tx = (xt)x− (x, t, x) = (−tx+ τ(x)t + τ(tx))x+ 1
3
x[4]
= −1
2
t2 − 2τ(tx)x− τ(x)τ (tx)+ τ(x)tx+ τ(tx)x+ 2τ(tx)x+ τ(x)τ (tx)
= −1
2
t2 + τ(x)tx+ τ(tx)x,
t · tx = t2x = 1
2
τ(x)t2 + 1
2
τ(tx)t,
tx · t = t(xt)+ (t, x, t) = t(−tx+ τ(x)t + τ(tx)) = −t2x+ τ(x)t2 + τ(tx)t
= 1
2
τ(x)t2 + 1
2
τ(tx)t,
tx · tx = (tx · t)x− (tx, t, x) =
(
1
2
τ(x)t2 + 1
2
τ(tx)t
)
x+ 1
6
z[4]
= 1
2
τ(x)t2x+ 1
2
τ(tx)tx− 2τ(tx)tx− τ(x)τ (tx)t
= −3
2
τ(tx)tx− 3
4
τ(x)τ (tx)t.
Keeping in mind this multiplication table, we now formally define a superalgebra C with the same multiplication.
Denote by Γ = G(ξ , η) the Grassmann superalgebra on odd generators ξ, η and consider a free supermodule C over Γ
with the basis 1, a, s, u, v, where 1, a, s are even and u, v are odd. Define a multiplication on C by considering elements of
Γ as ‘‘superscalars’’, that is, assuming that Γ = Γ · 1 is contained in the center Z(C) of the superalgebra C , and defining
the products of the basis elements by the following table (under the additional conditions that a commutes with all other
elements and a2 = 0):
s u v
a 12ξηs+ ηv 12ξa+ 12ηs 12ηa+ 12ξηv
s a v 12ξa+ 12ηs
u η + ξ s− v 12 s − 12a+ηu+ξv
v 12ξa+ 12ηs 12a+ξη+2ηu − 34ξηs− 32ηv
It is easy to check that the element a lies in the center of C . Define a linear mapping τ : C → Z(C) by setting:
τ(α1 + α2a+ α3s+ α4u+ α5v) = 2(α1 + α2a)+ α4ξ + α5η,
where αi ∈ Γ , i = 1, . . . , 5.
Proposition 4.1. (C, τ ) is a quadratic alternative superalgebra.
Proof. We first verify that τ is a supertrace. Since Zτ (C) = Γ + Γ a and τ is Γ -linear, in order to prove its Zτ (C)-linearity
it suffices to show that τ(ay) = aτ(y) for any y ∈ C . Let y = α1 + α2a+ α3s+ α4u+ α5v, then:
τ(ay) = τ
(
α1a+ α3
(
1
2
ξηs+ ηv
)
+ α4
(
1
2
ξa+ 1
2
ηs
)
+ α5
(
1
2
ηa+ 1
2
ξηv
))
= 2α1a+ α4ξa+ α5ηa = a(2α1 + 2α2a+ α4ξ + α5η) = aτ(y).
Compute associators and super-commutators in C . Since a ∈ Z(C), it suffices to consider only associators and super-
commutators on s, u, v. We have:
(s, s, s) = 0,
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(u, u, u) = −1
2
η − 1
2
ξ s+ v,
(v, v, v) = 0,
(u, s, s) = (s, u, s) = (s, s, u) = 0,
(v, s, s) = (s, v, s) = (s, s, v) = 0,
(s, u, u) = −(u, s, u) = (u, u, s) = ξη + 2ηu,
(s, v, v) = (v, s, v) = (v, v, s) = 0,
(v, u, u) = (u, v, u) = (u, u, v) = ηs+ ξηu,
(u, v, v) = (v, u, v) = (v, v, u) = −2ξηv,
(s, u, v) = (u, v, s) = −(v, s, u) = −ξηs− 2ηv,
(s, v, u) = (v, u, s) = −(u, s, v) = −ξηs− 2ηv,
and
[s, u]s = 2v − η − ξ s,
[s, v]s = 0,
[u, u]s = s,
[u, v]s = 3ηu+ ξv + ξη,
[v, v]s = −32ξηs− 3ηv.
Now it is easy to see that τ((x, y, z)) = τ([x, y]s) = 0 hold in C . Moreover, by Lemma 2.1, C is an alternative superalgebra.
We have τ(1) = 2, hence it remains to prove that τ satisfies (5). This is evident when one of the arguments lies in
Zτ (C) = Γ + Γ a. Furthermore,
s ◦s s = 2s2 = 2a = τ(a) = 2τ(s)s+ τ(s2)− τ(s)2,
s ◦s u = su+ us = v + η + ξ s− v = η + ξ s = τ(u)s+ τ(v) = τ(u)s+ τ(su),
s ◦s v = sv + vs = ξa+ ηs = τ(v)s+ t(sv),
u ◦s v = uv − vu = −a− ηu+ ξv − ξη = τ(u)v + (−1)u¯v¯τ(v)u+ τ(uv)− τ(u)τ (v).
Therefore, by Lemma 2.1, (C, τ ) is a quadratic alternative superalgebra. 
Observe that Zτ (C) 6= Z(C) because z = 2ηv + ξηs ∈ Z(C) and τ(z) = 0.
Theorem 4.2. The pre-bases of the superalgebrasBτ andB from Proposition 3.2 are bases.
Proof. It is clear that the unital superalgebra with supertrace (C, τ ) is generated by an odd element u. Therefore, it is a
homomorphic image of the superalgebraBτ under the homomorphismϕ : (Bτ , τ )→ (C, τ ) such thatϕ(x) = u,ϕ(τ(f )) =
τ(ϕ(f )), f ∈ Bτ . The images of elements of the pre-base ofBτ are linearly independent in C , hence they are so inBτ .
Consider now the images of pre-base (13). We have:
ϕ(x) = u,
ϕ(t) = s,
ϕ(tx) = v, ϕ(x[3]) = 2v − ξ s− η,
ϕ(t2) = a, ϕ(x[4]) = 6ηu+ 3ξη, ϕ(x[3]x) = a− ξv + 3ηu+ 2ξη,
ϕ(t2x) = 1
2
(ξa+ ηs), ϕ(x[5]) = 6ηs, ϕ(x[4]x) = 3ηs+ 3ξηu,
ϕ(x[5]x) = 6ηv, ϕ(z[4]) = −12ηv − 6ξηs,
ϕ(z[4]x) = −6ηa− 6ξηv, ϕ(u[4]) = −12ηa,
ϕ(u[4]x) = 6ξηa.
Since linear dependence may occur only between elements of the same degree, it suffices to verify that the elements in
every line above are linearly independent in C . This, however, is evident. 
5. Super-identities and central functions on one odd element in quadratic alternative superalgebras
In this sectionwewill describe identities and central functions on one odd element in quadratic alternative superalgebras.
Evidently, the ideal of identities T (B) is equal to the kernel of the homomorphism pi : A → Bτ , pi(x) = x. Clearly,
pi(A) = B. The next proposition describes kerpi .
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Theorem 5.1. B ∼= A/I , where I = idA〈tx[3], z[4] + x[6], 12t3 − x[6], z[5]〉.
Proof. It is evident that I ⊆ kerpi . We will show that modulo I all elements of the base (8) ofAmay be expressed as linear
combinations of the elements of the pre-base (13) ofB.
DenoteD = A/I . We preserve the notation fromA andB for similar elements inD .
We have inD:
0 = 2tx[3] = t ◦ x[3] − [x[3], t] = t ◦ [t, x] = [t2, x].
Similarly,
t ◦ x[4] = t ◦ [x[3], x]s = [t ◦ x[3], x]s − x[3] ◦s x[3] = 0.
Now (t2, x, x) = t ◦ (t, x, x) = 13 t ◦ x[4] = 0, which implies by [12, Lemma 2.4] that t2 ∈ N(D). Since also [t2, x] = 0 and
D is generated by x, this implies easily that t2 ∈ Z(D).
From Proposition 3.1, parts (i) and (ii), we know that [z[k], x]s = 0, [u[k], x]s = 2tz[k] inA, and z[k], u[k] ∈ N(A). Similarly,
as in (11), we show that tz[k] = t(z[k]x) = 0. This gives [u[k], x]s = 0 in D , and hence u[k] ∈ Z(D). Therefore (9) and (10)
are also valid inD . The element tx[3] lies in I , which implies that tu[k] = t(u[k]x) = 0 (compare with (12)).
Furthermore, since x[6] = −z[4] inD , we have that x[7] = −[z[4], x] = 0 which implies that all z[k] = 0 and u[k] = 0 for
k > 5. Moreover,
u[5] = −t ◦ x[6] = t ◦ z[4] = 0.
Finally, consider (9) and (10) to obtain 2tx[4] = 3t(x[3]x) = −z[4], 2tx[5] = −u[4]. The equalities z[5] = 0, 12t3 = x[6] =
−z[4] finish the proof. 
A non-zero element
f (t1, . . . , tm; x1, . . . , xn) ∈ Alt[T ; X]
is called a central function for an alternative superalgebra A = A0 + A1 if, for any elements a1, . . . , am ∈ A0, b1, . . . , bn ∈ A1,
it holds that f (a1, . . . , am; b1, . . . , bn) ∈ Z(A). We want to describe central functions on one odd generator in quadratic
alternative superalgebras.
Evidently, modulo the ideal I from Theorem 5.1 these functions form a subsuperalgebra C(B) in the center Z(B);
moreover, we have the inclusions:
Zτ ∩B ⊆ C(B) ⊆ Z(B).
Theorem 5.2. The superalgebra C(B) is generated by the elements:
t2, 12t2x− x[5], u[4], u[4]x.
Moreover, C(B) = Zτ ∩B .
Proof. Let us describe first the center Z(B). Note that the homomorphism ϕ : (Bτ , τ ) → (C, τ ) from the proof of
Theorem 4.2 is in fact an isomorphism of quadratic alternative superalgebras. In particular note that, ϕ embeds B in C;
we will use this embedding below.
It suffices to find homogeneous central elements. Evidently, x and t are not central, and the only element of degree 8 is
u[4]x ∈ Zτ ∩B. Consider images in C of homogeneous elements fromB of degrees 3–7. We have for arbitrary α, β, γ ∈ F
f3 = ϕ(αtx+ βx[3]) = (α + 2β)v − βξ s− βη,
f4 = ϕ(αt2 + βx[3]x+ γ x[4]) = (α + β)a− βξv + 3(β + 2γ )ηu+ (2β + 3γ )ξη,
f5 = ϕ(2αt2x+ βx[4]x+ γ x[5]) = αξa+ (α + 3β + 6γ )ηs+ 3βξηu,
f6 = ϕ(αx[5]x+ βz[4]) = 6(α − 2β)ηv − 6βξηs,
f7 = ϕ(αz[4]x+ βu[4]) = −6(α + 2β)ηa− 6αξηv.
Assume that these elements are central in C . Then
0 = [f3, v]s = (α + 2β)[v, v]s
implies α + 2β = 0 and
0 = [f3, u]s = −βξ [s, u]s
implies β = 0, hence f3 = 0.
Furthermore,
0 = [f4, s]s = 3(β + 2γ )η[u, s]s
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implies β + 2γ = 0 and
0 = [f4, v] = −βξ [v, v]s = 3βξηv
implies β = 0, hence the only central element of degree 4 inB is t2 ∈ Zτ .
Similarly,
0 = [f5, s] = 3βξη[u, s]s
gives β = 0 and
0 = [f5, u] = (α + 6γ )η[s, u]s
yields α = −6γ , and we get our central element of degree five 12t2x− x[5] ∈ Zτ .
For f6 consider
0 = [f6, u]s = 6(α − 2β)η(3ηu+ ξv + ξη)− 6βξη(2v − η − ξ s) = −6αξηv,
which yields α = 0. Thus for degree 6 we have the known central element z[4] which does not lie in Zτ since τ(z[4]) = 0.
Finally, element f7 is central in C for any α, β , hence z[4]x ∈ Z(B). Again τ(z[4]x) 6= 2z[4]x thus z[4]x 6∈ Zτ . Recall also that
u[4] ∈ Zτ .
Resuming, we have Z(B) = Zτ ∩ Z(B) + F · z[4] + F · z[4]x, where Zτ ∩ Z(B) is generated by the elements given in
the theorem. To finish the proof, we need only to show that z[4] and z[4]x are not central functions. We will do this in the
last section by proving that these functions are not central in the quadratic alternative superalgebra G⊗ O, where G is the
Grassmann algebra and O is the algebra of octonions. 
Theorem 5.3. (i) The T-ideal T (B) of super-identities on one odd generator of quadratic alternative superalgebras is generated
by tx[3], z[4] + x[6], 12t3 − x[6].
(ii) The T-subsuperalgebraC(B) of central functions on one odd generator of quadratic alternative superalgebras is generated
by t2, 12t2x− x[5].
Proof. (i) It suffices to show that z[5] lies in the T -ideal idA〈f , g, h〉T of super-identities generated by the elements f =
tx[3], g = z[4] + x[6], h = 12t3 − x[6]. It is not difficult to see that the T -ideal idA〈f , g, h〉T is closed with respect to graded
partial linearizations, so for any even a ∈ A it contains the partial super-linearization h∆˜1x(a) of h with respect to x by a
(see [13, Chapter 1] for the non-graded case).
h∆˜1x(a) = 24[a, x]t2 + 24t[a, x]t + 24t2[a, x] + 2[[[[[a, x], x]s, x]s, x]s, x]s
+ [[[[t, a], x], x]s, x]s − [[[x[3], a], x]s, x]s + [[x[4], a], x]s − [x[5], a].
In particular, for a = t we get
72t2x[3] + 2x[7] + [z[4], x]s − z[5] = 72tf + 2[g, x] − z[5] ∈ idA〈f , g, h〉T ,
and hence z[5] ∈ idA〈f , g, h〉T .
(ii) Notice that the T -ideal T (B) we consider in the superalgebraA, but the T -subsuperalgebra C(B) we consider inB
since we are interested only in non-zero central functions. Let us show that u[4], u[4]x lie in the T -subsuperalgebra 〈t2〉T of
B generated by t2. For any y ∈ B1, a ∈ B0 we have t2∆˜1x(y), t2∆˜1x(b) ∈ 〈t2〉T , where
t2∆˜1x(y) = [y, x]st + [x, y]st + t[y, x]s + t[x, y]s = 2[y, x]st + 2t[y, x]s = 2t ◦ [y, x]s,
t2∆˜1x(a) = [a, x]st − [x, a]st + t[a, x]s − t[x, a]s = 2[a, x]st + 2t[a, x]s = 2t ◦ [a, x]s.
Substituting a = x[4] we have
t ◦ [x[4], x]s = t ◦ x[5] = −u[4] ∈ 〈t2〉T ,
and for y = x[4]xwe get
t ◦ [x[4]x, x]s = t ◦ (x[4][x, x]s − [x[4], x]x+ 3(x[4], x, x))
= t ◦
(
x[4]t − x[5]x+ x[6] − 1
2
z[4]
)
= −t ◦ (x[5]x)
= −[x[5]x, t] − 2t(x[5]x)
= −x[5][x, t] − [x[5], t]x− 3(x[5], x, t)+ z[5]x+ u[4]x
= u[4]x ∈ 〈t2〉T ,
as desired. 
It is not difficult to show that the systems of generators of the T -ideal T (B) and of the T -subsuperalgebra C(B) are
irreducible, that is, no one generator can be omitted.
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6. Skew-symmetric identities in quadratic alternative algebras
In this sectionwewill obtain some corollaries on skew-symmetric identities and central functions in quadratic alternative
algebras and octonions.
We first recall the passage from identities of the free alternative superalgebraA on one odd generator to skew-symmetric
identities of the free alternative algebra Alt[T ] on a countable set of generators T (see, for example [14]).
Let f = f (x) be a homogeneous non-associative polynomial of degree n on one variable x. It may be written in the
form f (x) = f˜ (x, x, . . . , x), for a certain multilinear polynomial f˜ (t1, t2, . . . , tn). Define the skew-symmetric polynomial
Skew f = Skew f (t1, t2, . . . , tn) as follows:
Skew f (t1, t2, . . . , tn) =
∑
σ∈Sym(n)
sign(σ )f˜ (tσ(1), tσ(2), . . . , tσ(n)).
Then Skew : A → Alt [T ] is a linear map which maps isomorphically the homogeneous component A[n] of degree
n of A to the subspace AltSkew[Tn] of multilinear skew-symmetric elements on Tn = {t1, t2, . . . , tn} of Alt [T ]. More
exactly, for a fixed homogeneous non-associative polynomial f = f (x) of degree n we have: f (x) = 0 in A if and only
if Skew f (t1, t2, . . . , tn) = 0 in Alt[T ].
As an example we find the element f ∈ A such that Skew f = C5. Recall from the introduction that C5(a, b, c, d, e) is the
alternating sum∑
Alt
(24a(b(c(de)))+ 8a((b, c, d)e)− 11(a, b, (c, d, e))).
Therefore,
f (x) = 24x(x(x(xx)))+ 8x((x, x, x)x)− 11(x, x, (x, x, x))
= 12x(x(xt))+ 4x(x[3]x)− 11
2
(x, x, x[3])
= 12x((xx)t − (x, x, t))+ 4((xx[3])x− (x, x[3], x))− 11
2
(x[3], x, x)
= 12x
(
1
2
t2 − 1
3
x[4]
)
+ 4(x[4] − x[3]x)x− 19
6
x[5]
= 6t2x− 4(−x[5] + x[4]x)+ 4(x[4]x− (x[3], x, x)− x[3](xx))− 19
6
x[5]
= 6t2x+ 4x[5] − 4
3
x[5] − 19
6
x[5] = 6t2x− 1
2
x[5],
and we obtain the already known central element 12t2x− x[5].
Theorem 6.1. Over a field of characteristic 0, any skew-symmetric element g of degree deg g > 8 is an identity for all quadratic
alternative algebras. All skew-symmetric identities of quadratic alternative algebras follow from the identities
Skew (tx[3])(a, b, c, d, e) = 0,
Skew (z[4] + x[6])(a, b, c, d, e, f ) = 0,
Skew (12t3 − x[6])(a, b, c, d, e, f ) = 0.
Any skew-symmetric central function of quadratic alternative algebras is a consequence of the polynomials
Skew (t2)(a, b, c, d), Skew (12t2x− x[5])(a, b, c, d, e).
Proof. It is clear that any skew-symmetric element g(t1, t2, . . . , tn) ∈ Alt[T ] can be written as g = Skew f for a suitable
f ∈ A. Hence in view of Proposition 3.2(iii) and Theorem 5.3 it suffices to prove that f is an identity (a central function) for
B if and only if Skew f is an identity (a central function) for all quadratic alternative algebras.
If f = 0 inB then the identity f = 0 is verified in any quadratic alternative superalgebra. Let A be a quadratic alternative
algebra, then by Corollary 2.3, G⊗ A is a quadratic alternative superalgebra and hence it satisfies f = 0. This easily implies
that A satisfies the identity Skew f = 0.
Conversely, assume that the identity Skew f = 0 is satisfied in any quadratic alternative algebra. Then it holds in the
Grassmann envelope G(B), which implies that f = 0 inB.
The case of central functions is considered similarly. 
Theorem 6.2. Let O be an octonion algebra over a field F of characteristic zero. Then the skew-symmetric identities and central
functions of O coincide with those for the class of all quadratic alternative algebras.
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Proof. It suffices to prove that, for any f ∈ A, if Skew f is an identity (a central function) for O then so is f inB.
Let us start with identities. We already know that if deg f > 8 then f ∈ T (B). Furthermore, from [7] we know that there
are no identities of degree≤ 4 inO. It remains to consider elements f inB with deg f = 5, 6, 7, 8. Hence we have to verify
in O the identities Skew fi = 0 for the elements fi below:
f5(x) = αt2x+ βx[4]x+ γ x[5],
f6(x) = δz[4] + εx[5]x,
f7(x) = ζ z[4]x+ ηu[4],
f8(x) = ϑu[4]x,
for some scalars α, β, γ , δ, ε, ζ , η, ϑ ∈ F . Passing, if necessary, to the algebraic closure of F , we may assume that O has a
base consisting of the unit 1 and seven imaginary units e1, e2, e3, e4, e5, e6, e7, that are multiplied according to the rules
• eiei = −1, eiej = −ejei, i 6= j,• eiei+1 = ei+3(mod 7),• if eiej = ek then eσ(i)eσ(j) = sign(σ )eσ(k) for any σ ∈ Sym({i, j, k}).
Using these rules one can easily construct the following multiplication table:
e1 e2 e3 e4 e5 e6 e7
e1 −1 e4 e7 −e2 e6 −e5 −e3
e2 −e4 −1 e5 e1 −e3 e7 −e6
e3 −e7 −e5 −1 e6 e2 −e4 e1
e4 e2 −e1 −e6 −1 e7 e3 −e5
e5 −e6 e3 −e2 −e7 −1 e1 e4
e6 e5 −e7 e4 −e3 −e1 −1 e2
e7 e3 e6 −e1 e5 −e4 −e2 −1
Denote E = {e1, e2, e3, e4, e5, e6, e7}. Then for ti ∈ E we obtain:
Skew f5(t1, t2, t3, t4, 1) = Skew (αt2 + βx[4])(t1, t2, t3, t4),
Skew f6(t1, t2, t3, t4, t5, 1) = Skew (εx[5])(t1, t2, t3, t4, t5),
Skew f7(t1, t2, t3, t4, t5, t6, 1) = Skew (ζ z[4])(t1, t2, t3, t4, t5, t6),
Skew f8(t1, t2, t3, t4, t5, t6, t7, 1) = Skew (ϑu[4])(t1, t2, t3, t4, t5, t6, t7).
Now, Skew(αt2 + βx[4]) = 0 gives an identity of degree 4. But O has no identities of degree 4. Therefore α = β = 0.
Moreover,
Skew x[5](e1, e2, e3, e4, e5) = 1152e2,
Skew z[4](e1, e2, e3, e4, e5, e6) = −13 824e7,
Skew u[4](e1, e2, e3, e4, e5, e6, e7) = 193 536,
which easily implies that Skew fi = 0 in O only when fi = 0 inB.
Now, let us consider central functions. First of all, we see that the functions Skew z[4] and Skew z[4]x are not central
in O. This implies that z[4] and z[4]x are not central functions in the quadratic alternative superalgebra G ⊗ O and hence
z[4], z[4]x 6∈ C(B), proving the fact that was claimed in the proof of Theorem 5.2. Moreover, we see that the functions
Skew u[4] and Skew u[4]x are central in O. Since by [7] there are no identities in O of degree ≤ 4, there are no central
functions in O of degrees 1, 2, 3. We now must consider homogeneous elements of degrees 4, 5, 6. Computations above
show that if Skew f6 is central in O then ε = 0 and f6 = δz[4], hence f6 = 0. If
f4(x) = ζ t2 + ηx[3]x+ ϑx[4],
f5(x) = αt2x+ βx[4]x+ γ x[5]
are central functions for some scalars α, β, γ , ζ , η, ϑ ∈ F , then
Skew f4(e1, e2, e3, 1) = Skew (ηx[3])(e1, e2, e3) = −24ηe6,
Skew f5(e1, e2, e3, e4, 1) = Skew (αt2 + βx[4])(e1, e2, e3, e4) = 144βe3
imply β = η = 0. Since Skew t2 is central in O, so is Skew ϑx[4]. But
Skew x[4](e1, e2, e3, e4) = 144e3,
hence ϑ = 0 and f4(x) = ζ t2 ∈ C(B). Finally, consider the central function Skew f5 = Skew (αt2x+ γ x[5]). We know that
12t2x − x[5] ∈ C(B). If the vectors (α, γ ), (12,−1) ∈ F 2 were linearly independent then Skew (t2x), Skew x[5] would be
central in Owhich is not true. Thus f5(x) = −γ (12t2x− x[5]) ∈ C(B), finishing the proof. 
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Notice that in any alternative algebra:
Skew x[3](a, b, c) =
∑
Alt
[[a, b], c] = J−(a, b, c)− J−(b, a, c) = 12(a, b, c),
where J−(a, b, c) stands for the Jacobian of a, b, c with respect to the commutator multiplication. Now, in view of
Theorem 6.1, we have the result formulated in the introduction.
Corollary 6.3. Everymultilinear skew-symmetric identity of an octonion algebraO over a field of characteristic 0 is a consequence
of the following skew-symmetric identities:∑
Alt
[a, b](c, d, e) = 0,∑
Alt
(12[a, b][c, d][e, f ] − [a, b, c, d, e, f ]) = 0,∑
Alt
([[a, b, c, d], [e, f ]] + [a, b, c, d, e, f ]) = 0.
Every multilinear skew-symmetric central polynomial of O is a consequence of the skew-symmetric central polynomials∑
Alt
[a, b][c, d] = 1
2
∑
Alt
C4(a, b, c, d),∑
Alt
(12[a, b][c, d]e− [a, b, c, d, e]) = 2C5(a, b, c, d, e).
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